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EXISTENCE AND MULTIPLICITY OF A NONHOMOGENEOUS 
POLYHARMONIC EQUATION WITH CRITICAL EXPONENTIAL GROWTH 

IN EVEN DIMENSION 

ABHISHEK SARKAR 


Abstract. In this paper we study the existence of at least two positive weak solutions for 
an inhomogeneous fourth order equation with Navier boundary data involving nonlinearities of 
critical growth with a bifurcation parameter A in R^™'. We establish here the lower and upper 
bound for A which determine multiplicity and non-existence respectively. 


1. Introduction 


Let n C be a bounded domain. In this context we study the existence of multiple solutions 
in lU^’^(fl) = {u S : A^u = 0 on d^l for 0 < j < of ffi® following 2TO-th order 

problem with Navier boundary condition 

r (—A)™m = fiu\u\^e^^ + Xh{x) 

(P) < u > 0 

u = Au = 0 = .. = on dfl 

where > 0 in fl, ||/i||l 2 (q) = I, A > 0, = I if p > 0 and p G (0, Ai(f2)) if p = 0. Also assume that 

Ai(n) be the first eigenvalue of (—A)™ on with Navier boundary condition and which is 

strictly positive. The existence of multiple solutions for analogous problems in higher dimension 
with critical exponent have been studied in [5], [2] for the Dirichlet boundary condition and in 
[11] for Navier boundary condition. The corresponding problem for second order elliptic equations 
have been studied in [8] for dimension two, and in [9] for higher dimensions. The critical growth 
for the nonlinearity is u i—>■ p = , when n > 2m -\- 1 from the Sobolev embedding in 

R”. In [7] Moser proved the following, 



Theorem 1.1. Let LI C M",n > 2 be a bounded domain. There exists a constant Cn > 0 such 
that for any u G Wo^’"(n), n > 2 with || Vu||in(f 2 ) < 1, then 


( 1 . 1 ) 

where 


< Cr,\Ltl 


P = 


n — 1 


an := nw.„ 


and Wn-i is the surface measure of the unit sphere C K.". Furthermore the integral on the left 
hand side can be made arbitrarily large if a > an by appropriate choice of u with ||Vu|| 2 ,"(a) < 1. 
The embedding 

lTo’"(ll) 9 M G L^{Ll) 

is compact for a < a„ and is not compact for a = an- 


In [1] Adams extended the above result of Moser to higher order Sobolev spaces. To state the 
result of Adams we define the following m-th order derivatives of u G C™{Lt): 

A^u for m even. 




VA 2 M for m odd. 
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Furthermore, llV^itUp is the norm of the function iV^ul, the usual Euclidean length of the 
vector We also denote W™”” (fl) to be the completion of C“(n) under the Sobolev norm 

(1.2) ||u 


iw" 




= bt 


1+ E ii^“«ii| 

\a\ = l 

Adams proved the following embedding: 

Theorem 1.2. Let LI C K" be a bounded domain. If m is a positive integer less than n, then there 
exists a constant Cq = C{n,m) > 0 such that for any u € W™’™ (Ll) with ||V™m|| 2 l < 1, then 


(1.3) 

for all j5 < Pn^rn where 


7 ^ [ exp{P\u{x)\^-^)dx < Co, 
l“l Jn 


Pn.m 


i) 


r(i 
rt2-r(^) 

T(^) 


when m is odd, 


when 


m IS even. 


Furthermore, for any /3 > Pn,m, the integral can be made as large as possible by appropriate choice 
of u with ||V"*u||,^ < 1. 

Remark 1.1. We remark that for the case n = 2m = 4, Lu-Yang in [6] and in general Zhao- 
Chang [12] showed the existence of an explicit sequence for n = 2m to prove the sharpness of the 
constant in (f2). 

Let (LI) denote the following subspace of IF"*’™ (11): 

= {uG W’"’^(ll) : A^u = 0, on dLl for 0 < j < [(m - l)/2]} . 

Note that IF™’™ (H) is strictly contained in VF^’™ (12). Therefore, 


sup 

uGWo"*’™ (n),||V™ii||zL<l 


/ eXp{Pri,m\u\^-’^)dx < 

Jn 


sup 

iGiyX^’™(0),||v™u|U<i- 


eXp{Pri,m\u\"-"')dx. 


Tarsi [10] later extended Adams’ result for the larger space IF),])’™ (11). The key step in her 
work is to embed ™ (H) into a Zygmund space. We state her embedding theorem below 

Theorem 1.3. Let n > 2 and H C M" be a bounded domain. Then there is a constant Cn > 0 
such that for all u G VF)])’™ (H) with ||V"*u||.^ < 1, we have 

e/^l“l^dx < Chilli 




(1.4) / e^l“l"-'"dx<C„|ll| yP<Pn.r. 

Jn 

and the constant Pn,m appearing in (1.4) is sharp and Pn,m is same as in Theorem 1.2 
Remark 1.2. Here we remark that the bilinear form 

if m = 2k, 


(1.5) 


iu,v)^ / V’"u-V"*u = 


/ V(A'=u) • V(A'=u) ifm = 2k + l, 
Jn 


defines a scalar product on W(f^’‘^{Ll) and IF)]?’^(11). Furthermore if LI is bounded this scalar product 
induces a norm equivalent to (1.2). 

Therefore the above results imply that the problem (P) nonlinearity of critical growth. 

Theorem 1.1. There exist positive real numbers A* < A* with A* independent of h such that the 
problem (P) has at least two positive solutions for all A S (0, A*) and no solution for all X> X*. 
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In spite of possible failure of Palais-Smale condition due to the presence of critical exponent we 
adapt the method of [9] to prove the existence of the first solution by a decomposition of Nehari 
manifold into three parts. However for the existence of second solution we rely on the refined 
version of the Mountain-Pass Lemma introduced by Ghoussoub-Preiss [3]. 

2. Decomposition of Nehari Manifold 

Let f{u) = /i|rt|Pue“ . The corresponding energy functional to the problem (P) is given by 

(2.1) J{u) = ]- j - [ F{u) - \ [ hu 

2 Jn Jn Jn 

where F{u) = f{s)ds. As the energy functional is not bounded below on we need to 

study J{u) on the Nehari manifold 

(2.2) M = {u& \ {0} : {J'{u), u) = 0}, 

where J'{u) denotes the Frechet derivative of J at u, and (.,.) is the inner product. Here we note 
that A4 contains every nonzero solution of the problem (P). We note that for any u G H)()1’^(H), 

{J'(u),u)= f — f f{u)u—X f hu, 

J Q, J Q. J Vt 

{J''(u)u,u)= f |V™w|2- f f(u)u\ 

Jo. Jo. 

Similarly to the method used in [9], We split into three parts: 

M.^ = {u & M : {J"{u)u,u) = 0}, 

= {u € M : {J"{u)u,u) > 0}, 

M~ = {u G M : {j”(u)u,u) < 0}. 


3. Topological Properties of 

Our first aim is to show, for some small A, = {0}. For this let ^ > 0, if p > 0 and C < 
if p = 0. Let A = {u G H(^’^(H) : < (1 -I- C) Lemma 3.2 implies that 

A ^ {0}. We now assume the following important hypothesis: 

A > 0, ||h||L 2 (Q) = 1, and 
(3.1) inf fp [ (p-I-2it^)|u|*’+^e“ — A / hu) >0. 

«6A\{o} V Jn Jn J 

The condition (3.1) forces A to be suitably small. Indeed we can prove the following. 


Proposition 3.1. Let 

(3.2) A < pC'J’+"|Hrl5i+8) 

where Co = inf„gA\{o} fn(P + > 0. Then (3.1) holds. 


Proof. Step 1: inf„gA\{o} WAwff-^n) > 0- 

Assume the contradiction, then there exists a sequence {un} C A\{0} such that —>■ 0 


as n 


Let Vn = 




. Then = 1 and satisfies 


(3.3) 1<(1 + C)/ f{un)vl, Vn. 

Jn 

Since Wn —>■ 0 in by Adams’ embedding for the higher order derivative in Theorem 1.3 

we get f'{un) —t f'{0) in L’’(H) for all r > 1. Since Vn is bounded in Wjj’ (H), Vn has a weak 
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limit say v in Certainly < 1 and up to a subsequence denote it same as 

which converges strongly to v in L’’(n) for all r > 1. Hence from (3.3) we get 


(3.4) / |V'"i4|2<1<(1 + C)/'(0) 

JQ, J Q, 

This gives a contradiction if p > 0 in which case /'(O) =0. If p = 0, by assumption 


> Ai [ v^> (1 + C)m [ 

Jq Jq 


Jn jQ JQ 

which gives a contradiction to (3.3) since /'(O) = /r. This proves Step 1. 
It is easy to check that using Step 1 and the definition of A: 


(3.5) 

Step 2: Finally we have, 


A 


hu 


inf {p + 2u^)\u\P+^e^ =Co>0. 

^eA\{o}7n 


<Ah|U.(0) <A|H|«a ( / 


< 


P+2 

A|H| 2p + 8 


p,(p + 2M^)|tt|p+2e“^)p+'‘ 


-(p / ip + 2u^)\u\P+\^^) 


< 


P+2 

A|H| 2P+8 




P+3 

P+4 / J Q 


[p / (p + 2n2)|«|P++“^). 


Hence from the above inequality together with (3.2) and (3.5) the proof is complete. 


□ 


Lemma 3.1. Suppose A > 0 be such that (3.1) holds. Then M.° = {0}. 

Proof. Let u G A4°,u 0. Then we have 

(3.6) [ |V’"u|2= [ f{u)u + \ [ hu, 

Jo. Jn JQ. 

(3.7) / = / f'{u)u\ 

JQ. JQ 

We note that from (3.7) 

f = / f{uy < (1 + c) / f'(uy 

it implies that u G A \ {0}. From these two expressions we get 

X f hu = f {f'{u)u — f{u))u = p f (p + 2w^)|u|^''‘^e“ 

Jfl Jfl Jfl 

which violates the condition (3.1). Therefore A4^ = {0}. □ 

Next we are going to discuss the topological properties of AI+ and Ai~. Given u G I+^’^(r2) \ 
{0}, we define f,u ■ R’*’ —t M by 

(3.8) Us) = s [ \37^u\^ - [ f{su)u. 

JQ JQ 

The choice of the above function is consequence of the following expression, 

{J'{su),su) = s (s f — f f{su)u — X f hin . 

V JQ JQ JQ ) 

So, fu(s) = Xf^hu if and only if su G At, for s > 0. 

Now we are ready to state the following lemma. 

Lemma 3.2. For every u G \ {0} there exists a unique s* = s*(it) > 0 such that fui-) 

has its maximum at s* with fu(s*) > 0. Also there holds s^^u G A\{0}. 
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Proof. Differentiating (3.8) we have, 



Observe that, 


f nsu){sur 

Jn Jn 

(3.10) = {J''{su)su,su). 


Now we note that, f,u{-) is strictly concave function on R+, since 

(3.11) Cis) = - [ f'isuW < 0. 

Jn 

Also from the range of ^ we get 

lim f'is) > 0 and 

s-».0+ 

lim ^uis) = -oo. 

s—^oc 

Hence there exists a unique maximum point of fui-), say s* = s,(m) > 0. Now using (3.9) at 
s = s, in the definition of fu, we deduce. 


f,u{s*) = s, / f'{s^u)u^ - / f{s^u)u, since C(j(s*) = 0 
j Q. Jq 


s* Jn 


(/'(s*u)s*M— /(s*m))s*U 


(3.12) = ii / (p + 2(s,n)2)|s,n|P+2e(«*“)' > 0. 

s* Jn 

here we note that f'{s)s — f{s) = fj,{p + 2s^)|s|Pse®^. Finally 

s,^(,(s,) = [ |V’"(s,m)P - [ /'(s,m)(s,u)^ = 0 
Jq Jq, 

which implies that s*m S A \ {0}. 


□ 


Lemma 3.3. Let A be such that (3.1) holds. Then, for every u S VF^’^(fl) \ {0}, there exists a 
unique s=s-{u) > 0 such that s-u € A4~, s- > s* and J{s-u) = maxs>s, J{su) Vs G [s*, oo), s ^ 
s_. Also if we assume hu > 0, then there exists a unique s+ = s+(u) > 0 such that s+u € Ad'*'. 
In particular s+ < s* and J{s+u) < J{su) for all s € [0, s_]. 


Proof. Define the functional pu ■ [0,oo) —>• R by Pu{s) = J{su). Then it is easy to verify that 
Pu G C^([0,oo],K) n (^((OjOo),]^). Then we have 

P'uis) = ^uis) - X [ hu, p"(s) = C(s), Vt > 0. 

Jn 

Now from (3.1) and (3.12) we have, 

iu{s^) - \ [ hu = — {p [ (p + 2(s*M)^)|s*M|^'''*^e^'**"^ -^ [ /i(s*u)l > 0 
Jn s* [ Jq Jn ) 

Since C«(-) is strictly decreasing in (s,,oo) and limt_>.oo Cii(s) = —oo, there exists a unique s_ = 
S-{u) > s* such that ^u(s-) = X hu. That is S-U € A4. One has s+ > s* and p(,(s) < 0, we 
get S-U G M~. 

On the other hand when J^hu > 0 we have lims_,.o+^u(s) < 0 and which gives for s close 
to 0, £,u{s) — X f^hu < 0. Hence there exists a unique s+ such that ^„(s+) = X f^hu which 
implies s+u G Ad. From the graph we see that ^u(-) is strictly decreasing in (0, s*). Hence we have 
s+it G Ad'*'. 

And the remaining properties of s_, s+ can be proved by analyzing the identity Pu(s) = ^u(s) — 

^ In ^ 
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Remark 3.1. If we define the positive cone V = {u € : J^hu > 0} in Then 

we note that A4'^ C V. 


The next corollary shows some topological properties oi . 

Corollary 3.1. Let = {u € IT^’^(n) : 11^11^™.= 1}. Then there exists a diffeo- 

morphism 5'+ : —>• Ai~ defined by S'^{u) = s+{u)u. Also is homeomorphic to 


Proof. The function S'^ is continuous because s+ is continuous as an application of implicit func¬ 
tion theorem applied to (s,tt) —>■ ^„(s) — A f^hu. And we deduce the continuity of by 

the fact that = ir^- In a similar manner we can prove that AI"'' is homeomorphic to 


S, 




fin) 


nv. 


□ 


Relying on the embedding of ^ for all 1 < g < oo and using the estimate 

F{s) < — 1), for all s S K we have the following lemma on the lower bound and upper 

bound. 


Lemma 3.4. There exists Ci,C 2 >0 such that 


> 6»n > -CiA^. 


Where, Oq = inf{ J(m) : u G M}. 


Proof. We prove the case of the lower bound. 
Let u € M then from the definition, 


J(u) = i / - [ F{u) - \ [ hu 

2 t/ Q J Cl J Cl 


la . 


-fiu)u-F{u) 




n\t\P 2 

F(t) < — - —(e* — 1), for all s G R. 


We note that a simple calculation gives 
(3.13) 

Using (3.13) we get 

J{u)>^ f ((m^ - l)e“" + l) - ^ 

i/ a J a 


(3.14) 


> 


C (1 


\u\P+^ - 


hu, 


since (s^ — l)e®^ + 1 > cs^ for some c > 0, for all s G M. By an application of Holder inequality 
we get 


(3.15) 

From (3.14) and (3.15) we get 

(3.16) 


hu < |U|2(p+^) ||u||LP+4(n). 


J{u) > 2 l|■*4|liP+4(Q) I 2 


||w||LP+ 4 (a). 


By considering the global minimum of the function 

„(,) = (I) 

It can be shown that 

Jiu) > -CiX^. 

In a similar fashion we can prove the upper bound for J. 


□ 
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As a consequence of Lemma 3.1 we have: 

Lemma 3.5. Let A and h satisfy (3.1). Given u € A4\ {0} there exists J > 0 and a differentiable 
function s : {w G < i5} —>■ K, with 

s{0) = l,s{w){u-w) G M, V < (5 

and 

^ ^ /nlV™«P-/o/W 

Proof. We define the function G : R x —>■ R by, 

G{s,w) = s f |V™(u —w)p— f f{s{u — w)){u — w) — \ ( h{u — w). 

J Cl Cl J Cl 

Then G G G^(R x lT^’^(ri);R) and since u G A4 it implies G(1,0) = iV^up — f{u)u — 
i\f^hu = 0. Also Gs(l,0) 0, indeed Gs(l,0) = \V^u\^ — J^f'{u)u^ ^ 0 thanks to Lemma 

3.1. Then by the Implicit Function Theorem, there exists <5 > 0, s : {w G VF^’^(n) : ||w|| < <5} —>■ R 
of class G^ that satisfies: 

G{s{w),w) = 0 for all w G < 5, 

s(0) = 1. 

Also 

0 = s{w)G{s{w),w) 

= ( (s(i(;)|V"*(m — — f f{s{w){u — w){s{w){u — w)) — X ( h{s{w){u — w)), 

Jci Jci Jci 

that is s{w)(u — w) G M. for all w G with ||w|| < 5. Now if we differentiate the identity 

G{s{w),w) = 0 with respect to w, we get 

0 = {Gsis{w), w) + Gw(s(w),w),v} for all v G WO’^(fl). 

Putting «; = 0 in the above identity 

0 = (G«{1,0)s'(O) + G„(l, 0), v) = G,(l, 0)(s'(0), v) + (G^(l, 0), u) 

and we deduce from above 

^ 2 /n - fnif'Hu + f(u))v -Xj^hv 

fa - In f'{uW 

□ 


4. Local Minimum of J in 

We are now in a situation to prove the existence of a minimizer for J and hence we guarantee 
the existence of first solution. 

Since Ad is a closed set of hence a complete metric space. Now J is bounded below 

on Ad. By the Ekeland’s Variational Principle there exists a sequence {«„} C Ad \ {0} satisfying: 

(4.1) J{un) < ^0 T J 3{v) P J{uy() |[u u^||^m,2/Q^ Vu G Ad 

n n Af uv 

Proposition 4.1. Let X and h satisfy (3.1). Then 





ABHISHEK SARKAR 


Proof. We proceed in a few steps. With the help of Lemma 3.4 we’ve lim„_^^ ||u„||^m ,2 > 0. 
Claim 1: hm„^^ f^(p + 2ul)\un\P+‘^eul > 0. 

If possible let’s assume that for a subsequence of {un}, which is still denoted by {«„}, we have 
(4.2) lim (p + —>■ 0 as n —>■ oo 

n—>-oo 

Here we note that u„ —>■ 0 in L^{Vl) for all q G [1, oo) using (4.2), and if p > 0, 

/ f(un)un = P —>■ 0 as n —>■ oo. 

Jn Jn 

Therefore we have f(un)un 0, hun —!> 0 as n —>■ oo. Which imply that ||u„||^m ,2 —>• 0 as 
n —>■ oo because {un} C A4 hence a contradiction to the fact that lim ^ > 0. Similar 

argument for p = 0. 

Claim 2: hin„^^{| > 0}. 

Let the claim doesn’t hold. Then for a subsequence {un} we have 


/ |V™Up - / fMul = On{l). 

Jfl Jfl 


From this and the fact lim „ ||u„||^^m ,2 > 0 we deduce that, 

lim f{un)ul > 0. 

n—^oo 

Therefore we have G A \ {0} for large n. Since {u„} C A4 we get 

0„(1) = A / hUn + / [f{Un) - f'{Un)Un]Un 
Jn Jn 

= -p f (p + 2M^)|u„|P+^e“" + A [ hun, 

Jn Jn 

which contradicts (3.1). This completes the proof of the claim. 

Now we proof the theorem. Let’s assume \\J'{un)\\^y^^ayi > 0 for all large n (otherwise obvious). 
Now we define u = Un G JA and w = 5 y (by Riesz representation theorem, we identify 

J'{un) as an element in W^’^(H) still denote J'{un)) for 5 > 0 small. Therefore we can apply 


Lemma 3.5 for w small we get s„((5) := s 

ws = s„(5) 


IN't 
Un - S 


> 0 such that 
J'{Un) 


ll^'K)ll 


G JA. 


Now from (4.1) and a Taylor expansion we have: 
-||W5 - Un\\ > J{Un) - J{ws) 


= (1 - Sn{S)){j'{ws), Un) + SSn{S) ( J'{ws) 

Dividing by A > 0 and taking limit as A —>■ 0 we get: 

1 


J'iUn) 

l|J'K)ll 




Hence 


-(1 + |s'„(0)|||u„||) < -s„(0)(J'(u„),u„) + ||J'('u„)|| = ||J'(u„ 
n 


1 


\\J'iun)\\ < -(1 + 4 ( 0 )||| m „ 


We complete the proof by using, |s(j(0)| is uniformly bounded on n by (3.17) and using the Claim 

2. □ 


Theorem 4.2. Let X,h satisfy (3.1). Then there exists a nonnegative function uq G JA~^ such 
that J(uo) = mfugA^\{o} J{,u). Moreover, uq is a local minimum for J in W^’'^{Vl). 
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Proof. Let {it„} be a sequence which minimizes J on \ {0} as in (4.1). 

Step 1: liminf„_>oo Jq hun > 0 and hence Un G Indeed Un € A4 and making some suitable 
adjustments 


J{Un) = 


P 


(4.3) 


2(p + 2) Jq 

p+l f 


1 


-A 


P + 2 


hu, 


^p + 2 

< -CA^P+s. 


f{u„)Un - F{Un) 


Thanks to Lemma 3.4 there exists C > 0. Now we note that F{t) < for all t G 


Therefore we’ve from (4.3), to make the inequality consistent with sign that 


liminf / hun > 0. 

JQ. 

Step 2: limsup„^^ l|w|lwX^'"(n) < 

Case 1. If p > 0 then by the means of Sobolev embedding we derive boundedness of {u„} in 
Using the fact from (4.3) 

[ < A / hUn- 

Jn Jn 

Case 2. If p = 0 by using the fact that — F(t) > CC for all t G M and for some C > 0 

we deduce that {«„} is a bounded sequence in L^(n). And this gives that {F{un)} is a bounded 
sequence in L^{n) using (4.3) and hence {un} is a bounded sequence in lU^’^(fl). 

Step 3: Existence of uq G AI^. 

From the previous step up to a subsequence, u„ ^ Uq in lU^’^(n). Now from the Proposition 
2.2 we note that {/(m„)m„} is a bounded sequence in L^(n). Therefore from Vitali’s convergence 
theorem (for details see Lemma 8.3 in [8]), we get that 

[ f{un)(t> f fMif, for all (j) G lU^’^(O). 

JQ J Q 

Hence uq will solve (P), in particular uq € A4. Here we note that uq 0 as h ^ 0 that is 
Uq £ M \ {0}. We see that 0o < J{uo). From (4.3) we get by using Fatou’s Lemma that 
9q = liminf„_>oo J{un) > J{uo). Therefore uq minimizes J on AI\{0}. Now we have to show mq G 
A4 + . From the existence of s_(uo) and s+(uo) in Lemma 3.3 and using the fact J(s+(wo)mo) < 
J(s_(uo)wo) we get mq G AI+. 

Step 4 : Mo is a local minimum for for J in IU^’^(r2). 

We see that s+(mo) = 1 because uq G AI'*" from Step 3. Also we have from the (3.3) we have 

s+(mo) = 1 < s*(mo) 

Now by the continuity of s»(uo)j for sufficiently small A > 0 

(4.4) 1 < s,(uo - w), Vw G ||w||vv^, 2 (f 2 ) < S. 

Now by the Lemma 3.5 for d > 0 small enough if necessary, let s : {w € : ||u;|| < d} —>■ K 

such that s(w){uq — w) £ M and s(0) = 1. Whenever s{w) —^ 1 when ||m;|| —^ 0, we can assume 
that 

s{w) < s*(uo — w), Vw G IU^’^(r2), ||w|| < A 

Hence we get s{w){uo — w)£ A4'^ using the above inequality and Lemma 3.3. Again by using the 
Lemma 3.3 we see. 


J{s{uo — w) > J{s{w){uo — w)) > J{uo), Vs G [0, s*(uo — lu)]- 

Hence from (4.4) we observe that J{uo — w) > J{uo) for every |l'ia|lvu™'2(n) < Tfos shows that 
Uq is a local minimizer. 

Step 5 : A positive local minimum for J. If mq ^ 0 then we get the positivity by using the strong 
maximum principle. In case if mq ^ 0 then we consider uq = s+(mo)|mo| > 0 G AI'*' and also from 
the definition Puo{s) = P|uo|(s) for all s > 0. Therefore we get s*(|uo|) = s*(mo) and from the 
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definition of s+ we deduce s+(uo) < s+(|uo|). Hence from Step 4, s_|_(|uo|) > 1. Therefore by 
Lemma 3.3 we get J{uo) < J(|uo|). Now using the assumption h > 0 in we have J(|wo|) < J(mo) 
and which implies that uq minimizes J on Af \ {0}. Hence by repeating the same argument as in 
Step 4 we get the desired result. □ 


5. Existence of The Second Solution 


The existence of the second solution for [P) depends on whether we can apply some version of 
Mountain Pass Lemma. We wish to look for a solution of the form ui = v + uq where uq is the 
local minimum for the functional (2.1). Then we see that ui will solve (P) whenever v solves the 
following equation: 


(Pi) 


(-A)™n = fiv + uo)- f{uo) 
V >0 

V = Av = 0 = .. = A'^~^u 


in H, 
on 


We can write the above PDE as following 


(P) 


i-Ar2v =fM ^ 

V >0 J 
V = Av = 0 = .. = on dfl, 


by introducing the function / : H x K —?> R and we define by 


fix, s) = fis + uoix)) - fiuoix)) if s > 0, 
= 0 otherwise. 


The energy functional corresponding to (P) is —>• R dehned by 

Juoiv) = ^ [ [ F{x,v)dx, 

^ Ja Ja 

where F{x,s) = fix,t)dt. Now onwards, we denote Juo by Jo- These type of functionals were 
studied by [12], [2]. We now state the Generalized Mountain Pass Lemma that was introduced by 
Ghoussoub-Preiss [3]. 

Definition 5.1. Let H be a elosed subspace of the Banach Space Wj^'‘^iLl). We say that a sequence 
{n„} C is a Palais-Smale sequence for Jq at the level c around H if: 

(i) lim„_>oo distivn,H) = 0 

(ii) hm„_>oo Joivn) = c 

(iii) hm„_>oo =0. 

And we say such a sequence a iPS)H,c sequence. 


Remark 5.1. In case H = the above definition coincides with the usual Palais-Smale 

sequence at the level c. 

Lemma 5.1. Let H C be a closed set,c S R. Assume {i;„} C be a {PS)h,c 

sequence. Then (upto a subsequence), Vn vq in W^'‘^{Vt), and 


(5.1) 


lim 

n—>oo 


/ fix,Vn) = 

/ fix, Vo), 

lim / 

Jq 

Jq 



F{x,Vn) 


Fix,Vo). 


Proof. From the fact that {u„} is a (PS')h,c sequence we have: 

(5.2) ^ ^ '2 ^ 

(5.3) 


- / F{x,Vn) = Co+Onil), 


/ fix,vn)cf 


A Ora(1)11'/'llvu^'^(n)’ 


v<^ e W;(;’'(H). 
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Now we claim that, 

Claim: sup„ \\vn\\w^.-^(n) < sup„ ^/(t, t„) < oo. 
Given any e > 0 there exists > 0 such that 


(5.4) 

Using (5.2) and (5.4), we see 
1 


F{x,s) < esf{x,s) for all |s| > s^. 




/ nn{|l!n|<Se} 


F{x,Vn) + 


f r2n{|?;n |><Se} 


F{x,Vn) +C + o„(l) 


(5.5) 

Now from (5.5) we obtain, 


< / F{x,Vn)+e / f{x,Vn)Vn+ c + On{l) 

-/nnii'Unl^Sg} Jq 

< Ce+€ / f{x,Vn)Vn. 

JQ 


J^fix,Vn)Vn<J^\y Vn\ + On (1) || "yn || (qj 

< 2 Ce + 2 e J f {x, Vn)Vn F On{^)\\Vn\\^rm,2 

by substituting ^ = z;„ in (5.3). 

Hence by choosing e small enough if needed we get 

f ~ 2C 

(5-6) J^f{x,V„)Vn < ^ +0„(l)||u„||^m,2(j.j^. 

We conclude the claim using (5.6), (5.3) and also sup„ f(x, Vn)vn < oo. 

Since {u„} C 1U)(?’^(U) is bounded, up to a subsequence, Vn vq in W^'‘^{VL), for some vo € 

To prove (5.1) we consider H to be a 2m dimensional Lebesgue measure of a set A C 
Let C = sup„ \f{x, Uri)T„| < oo from the above claim. Given e > 0, we define 

fi^= max |/(x,s)s|. 

|s| < 


Then, for any A C with \A\ < we have 


\f{x,Vn)\ 


f \f{x,Vn)Vn 

J An{\v„\>^} I'^nl 
- 2 ^ 


/An{|i;„|< 2 f } 


\f{x,Vn)\ 


Hence {f{x, w„)} is an equi-integrable family in L^{Q) and so is {F{x, z;„)}(we note that |.F(a;,t)| < 
C'i|/(a;,t)| for all a; G G M, for some Ci > 0). By applying the Vitali’s convergence theorem 
we get conclude the lemma. □ 


Certainly Jo(0) = 0 and u = 0 is a local minimum for Jq. Also we have 
lim Jq{sv) = —oo for any v G lUr?’^(H) \ {0}. 

Hence we can fix e G W^'‘^{Vt) \ {0} such that Jo(e) < 0. Now we define the mountain pass level 

Co = inf sup Jo( 7 (s)). 

Terselo.i] 

Where T = {7 G ^([0,1], lU)(?’^(n)) : 7 ( 0 ) = 0, 7 ( 1 ) = e}. Then from the definition of cq it follows 
Co > 0. Define i?o = we note that inf{Jo(u) : lkllvu™' 2 (o) = i?} = 0 for all R G (0,i?o). 

And we now let FI = lU^’^(D) if co > 0 and iJ = {Ikllw^'^(n) = = 0. We now state as 

now the lemma giving upper bound for cq 
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Lemma 5.2. The upper bound of the Mountain Pass level is below 

(47r)'"TO! _ /32m,m 


(5.7) 


Co < 


Proof. Without loss of generality we can assume that the unit ball i3o(l) C n. For any e > 0 we 
define 


(5.8) 


where 


fn{x) ■■= { - / 2 


Xnix), 


1 Ne[ 0 ,^) 

\x\ G [l,oo) 


M = 


(47r)’”(TO — 1)! 


X„gC“(0), Xn\aBi(o) = Xn\dn = 0- 


Furthermore, for 7 = 1,2,..,to- 1, F>^X„|3Bi(o) = (-1)'^(7 - l)y Miogri ’ ^^Xnlaa = 0 for 

j = 0, l,2,...,[(m- l)/2] and Xn,|Vx„|,Ax„ are all O Then, f„ G lF;7’^(f}). Now we 

normalize t„, setting 


-n - -e w;;’^(0). 

Suppose (5.7) is not true. This means that, for some Sn > 0 (see [4]), 

(47r)™TO! 

To(s„t„) = sup Jo{sTn) > ---^ Vn. 

s>0 ^ 


Hence 

(5.9) 




Vn. 


It follows that -^jQ{sTn) = 0 at the point of maximum s = s„ for Jq, we get 

(5.10) = / f{x,SnTn){SnTn). 

JQ, 

Now we note that from the definition of / we see that inf,j,gQ f{x, s) > for |s| large. Then 
from (5.9) we get for sufficiently large n 


si > 


2 log n Sr, 


f{x,SnTn){SnTn)> / (s„T„) 






(5.11) 


- - --Wiog' 

a2m 

, - eV / 


"<^ 2 m 


s„(logn) 2 , 


where OL 2 m is the volume of the unit ball in Using the fact > (dTr)™!?!,! from (5.9) and 

(5.11) it follows that s„ is bounded and also si —>■ ( 47 r)'"m!. Also from (5.11) we note 


W2 


Sn > , (log n) 2 , for all large n 

V2M 


which gives the contradiction. 


□ 


We now prove the theorem regarding the existence of second solution. 

Theorem 5.1. Given a loeal minimum ug of J in there exists a point vg G lU^’^(r2) 

with Vg > 0 in U, such that Jg{vg) = 0. 
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0, _ Consider {w„} be a Palais-Smale sequence 


Proof. From Lemma 5.7 we have cq € 
for Jo at the level cq around H (such a {PS)h,co sequence exists [3]). Then up to a subsequence 
Vn vq in for some vq € by Lemma (5.1) and (5.1) holds. We can easily check 

that vq is a solution of (P) and therefore a critical point of Jq. It remains to show that vq is not 
a trivial solution. 

case. As {vn} is a {PS)h,c 




Case I. Co = 0,1)0 = 0. We note that H = {||' 

sequence we have ?;„—>■ 0 strongly in From the fact that dist{vn,H) = 0 and PI is 

closed we conclude that Vn & H and which implies that vq € PI and vq is different from 0. 

Case II. Co € 

e > 0 , 


^0, = 0. Using the fact that Jo(fn) 


II" . 

''wz 


1. We have 


Co we see that for given any 
< ( 47 r)™m! - e for all large n. Let 0 < <5 < ^ 4 ^^ and q = > 

\f(x,Vn)Vn\'‘ < C 


((l+ 5 )g|F„|| = ) 


since sup^.^^ 1 /( 2 ), s)s| < for all s G M, for some C > 0. Now from the Tarsi’s em¬ 

bedding 1.4 we get that sup^. en/n \fix^'>^n)vn\‘‘ < 00 since (1 -b S)q\\vn\\^ < (47r)’"TO!. Also by 
Vitali’s convergence theorem we get /q f{x,Vn)vn —?> 0 as n —>■ 00 since z;„ —>■ 0 pointwise almost 
everywhere in U. Which implies 

On(l)||l’n|lvy™.2(Q) = ("7o(^n.)) ^5^) = o / l^^nl ~ [ f(x,Vn)Vn 


m 

0„(1) 


' Om 


which contradicts the fact ^ |V"’'z;„p —>■ co as n —j> 00 . Therefore z;o is not identically 0 in Pi. 
And positivity of vq comes from the fact that f{x,s) > 0 for all {x,s) G SI x R and using the 
maximum principle. □ 


6 . Proof of Theorem 1.1 


P + 3 
'rp+4 I 


Define A* = |S1|“ where Cq is same as in the Proposition (3.1). Then condition (3.1) 

is true whenever 0 < A < A*. From the Theorem 4.2 and 5.1 we show the existence of at least two 
positive solutions for (P). 

Let cfi be the eigen function of (—A)"* on 


Define 


\* =p 


Ai 

p -t -1 


fa 




We prove that there is no solution of (P) when A > A*. Assume that ua be a solution of (P). By 
multiplying (fi with (P) and performing integration by parts over PI, we get 


implies 


[ (-A)™ra</>i 
Jq 


f{ux)(j)i -b A 



( 6 . 1 ) X [ h(l)i= [ {Xiux - fiux))4>i 

Jn Jq 

We see that Ait — f{t) < Ai — = 0(t) for all t > 0. The global maximum for the function 0 

is P (^ 021 (0, 00 ). Then from (6.1) and the definition of A* we get A < A*. This completes 
Theorem 1.1. 
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